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Abstract. We present a generalization the G. Letzter's theory of quantum symmetric pairs of semisimple 
Lie algebras for the case of quantum affine algebras. We then study solutions of the reflection equation 
for the quantum affine algebras Uq(sl(2)) and W 9 (gl(f|l)) and their Yangian limit for singlet (diagonal) 
and vector (non-diagonal) boundary conditions. We construct the corresponding quantum affine coideal 
subalgebras that are based on the quantum symmetric pairs, and the (generalized) twisted Yangians. 



Introduction 

Quantum affine algebras and Yangians are the simplest examples of the infinite-dimensional quantum 
groups and play a central role in quantum integrable systems [2d] ■ These algebras were introduced in [3113] 
and since then had a significant impact on the development of the quantum inverse scattering method and 
related quantum integrable models. 

The quantum affine algebra U q (o) and the Yangian y{g) are deformations of the universal enveloping 
algebras U(g) and U(g[u]) respectively, where g is the affine Kac-Moody algebra, a central extension of the 
Lie algebra of maps C x — 5- g of a finite Lie algebra g, and g[u] is a deformation of the Lie algebra of maps 
C — > g. In such a way, Yangians may be viewed as a specific degenerate limit of quantum affine algebras [5]. 
We refer to [B] for complete details on quantum groups. 

In this paper we will concentrate on the finite dimensional representations of quantum groups, the so- 
called evaluation representations. These are constructed via the epimorphisms ev a : U q (g) — > U q {g) and 
ev a : y{g) — > U(g) called the evaluation homomorphisms, which evaluate the g-valued polynomials at a 
point a G C. Such representations have wide applications in both mathematics and physics. However they 
can be constructed for some Lie algebras only. 

We will consider integrable models with open boundary conditions, and concentrate on the algebras 
that define solutions of the reflection equation [7]. These algebras are one-sided coideal subalgebras and 
are conveniently called reflection algebras. Such algebras have been extensively studied in e.g. [8hT5] and 
more recently in e.g. [16Hl9| . For field theoretical applications of the coideal subalgebras and corresponding 
reflection matrices we refer to pDll^Tj . 

For this purpose we have selected two simple Lie (super-) algebras, sl(2) and g[(l|l), and have studied 
reflection algebras for the corresponding quantum groups: quantum affine (super-) algebras I4 q (st(2)) and 
U q (Ql(l\l)), and Yangians y(sl(2)) and 3>(fll(l|l)). We refer to 6 and [HHj for details on these algebras. 
For each quantum group we consider singlet and vector boundary conditions. The singlet boundary forms 
singlet (trivial) representation of the boundary (reflection) algebra, thus there are no boundary degrees 
of freedom in the associated field theory. The vector boundary forms an evaluation representation of the 
boundary algebra and has boundary degrees of freedom. In field theoretical models the evaluation parameter 
is usually associated with the rapidity of a state. Boundary states have zero rapidity and thus the boundary 
evaluation parameter is conveniently associated with some conserved quantity of the boundary, e.g. the 
energy [39] . Singlet boundaries have been heavily studied and the corresponding boundary algebras and 
solutions of the reflection equation for most of the semisimple Lie (super-) algebras are well known. However 
vector boundaries have not been studied as much as the singlet ones. The corresponding reflection matrices 
are usually constructed via the boundary bootstrap procedure by fusing bulk R-matrices with an appropriate 
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scalar reflection matrix (see e.g. P3E5]), thus we hope the boundary algebras we have constructed in this 
paper will serve not only as neat examples but will contribute to the exploration of such boundaries as well. 

We show that for the quantum affine algebras, the reflection algebras for both boundary conditions are 
quantum affine coideal subalgebras that are a generalization of the quantum symmetric pairs of simple Lie 
algebras considered in ;26j and [27] , where quantum symmetric pairs and the associated coideal subalgebras 
for all simple Lie algebras have been classified. Such coideal subalgebras were also considered in [28iJ31| . 
Similar quantum affine coideal subalgebras for algebra of type was considered in [16|f32] . for D„ in [33] . 
for the double affine Hecke algebras of type C V C„ in [34], for o(n) and sp(2n) in [35], and for the Sine-Gordon 
and affine Toda field theories in [T71I55H55] . 

For the Yangian case we will consider two types of the (generalized) twisted Yangians. For the singlet 
boundary we will consider the twisted Yangian introduced in [11] , while for a vector boundary we will employ 
the twisted Yangian introduced in [3 9) . In order to distinguish these two algebras we name them the twisted 
Yangian of type I and of type II respectively. We note that reflection algebras and Yangians for gl(ra) in 
various contexts have been extensively studied in [T2HH], for superalgebras sl(m\n) and gl(m|n) in [4"0H4"3"] . 
See [H] for an 'achiral' extension of such Yangians. 

We also give some arguments that the quantum affine coideal subalgebras in the rational q — > 1 limit 
specialize to the twisted Yangians. This is an important but quite technical question that is worth of 
exploration on its own, thus we will be rather concise and heuristic concerning this claim in the present 
paper. A thorough exploration of the Yangian limit of the quantum affine enveloping algebras can be found 
in [I5HI7]. 

This paper is organized as follows. In section 1 we give the necessary preliminaries. We recap the con- 
struction of quantum symmetric pairs and coideal subalgebras following closely to (26j . We then give the 
definition of the quantum affine coideal subalgebra, and also the definitions of the twisted Yangians intro- 
duced in [TT] and |35]. In section 2 we construct reflection algebras for the quantum affine algebra U q (sl(2)). 
In section 3 we construct the twisted Yangians for y(sl(2)). In sections 4 and 5 we repeat the same deriva- 
tions for quantum groups W g (gl(l|l)) and 3^(sl(l|l)) respectively. Appendix A contains a heuristic Yangian 
limit U q (si(2)) -» y{sl{2)). 

Acknowledgements. The author thanks Gustav Delius and Stefan Kolb for many valuable discussions, and 
Niall MacKay for his comments and reading of the manuscript. The author also thanks Marius de Leeuw, 
Takuya Matsumoto, Alessandro Torriclli and the UK EPSRC for funding under grant EP/H000054/1. 

1. Preliminaries 

1.1. Quasitriangular Hopf algebras and the Yang-Baxter equation. Let A be a Hopf algebra over 
C equipped with multiplication fj, : A ® A — > A, unit l : C — > A, comultiplication A : A — > A <E> A, counit 
e : A — > C and antipode S : A — > A. Let a : A® A — >• A® A be the C-linear map such that a(a\ <S>a 2 ) — a 2 (da\ 
for any oi, a 2 € A. Then (A, n° p , t, A op , e, S ), where /i op = /i o a and A op — a o A, is called the opposite 
Hopf algebra of A and denoted A op . 

Let A be a quasitriangular Hopf algebra. Then there exists an invertible element TZ £ A <g> A called the 
universal i?-matrix such that 

(1.1) A op (a) = TZAia)^ 1 for any a 6 A, 
which satisfies the universal Yang-Baxter equation 

(1.2) K 12 K 13 K 23 = n 23 n 13 Tz 12 , 

where TZ 12 €A®A®1, TZ 13 £ A (8) 1 ® A and TZ 23 £ 1 ® A ® A. 

Let A be a quantum affine universal enveloping algebra lA q (o). Let V be a finite dimensional vector space 
and T z : A —> End(V) be a finite dimensional representation of A, where z denotes the spectral parameter of 



REFLECTION ALGEBRAS FOR SL(2) AND GL(1|1) 



3 



the representation. Then (T z <8> T w ) : TZ — > R(z/w) G End(V S3 V) maps the universal i?-matrix to a matrix 
called the trigonometrical i?-matrix. In such a way (II. ip becomes the intertwining equation, 

(1.3) (T z ® T w )[A°P(a)\ R(z/w) = R(z/w) (T z <g> T w )[A(<z)] , 
and the Yang-Baxter equation (1 1 . 2[) on the space V <£)V <S)V becomes 

(1.4) R 12 (z/w)R 13 {z)R 23 {w) = R 23 (w)R 13 (z)R 12 (z/w) . 

In the case of an irreducible representation T z <£> T w the intertwining equation (|1.3|) defines the i?-matrix 
uniquely up to an overall scalar factor. Furthermore, this i?-matrix satisfies (|1.4|) automatically. 



1.2. Coideal subalgebras and the reflection equation. Consider the reflection equation |7J 

(1.5) R l2 {z/w)K l3 {z)R l2 {zw)K 23 {w) = K 23 (w)R 12 (zw)K 13 (z)R 12 (z/w) 

defined on the tensor space V® V® W, where W is a boundary vector space. Here K 13 (z) and K 23 (w) are 
reflection matrices such that 1 <E> K 23 (w) G V <E) End(V <S> W) and a similar relation holds for Ki 3 (z). 
Let B C A be a left coideal subalgebra, 

(1.6) A(b)eA<E)B for all 

Let T s : B — > End(W) be a finite dimensional representation of B, called the boundary representation; here 
s denotes the boundary spectral parameter. 

Definition 1.1. A coideal subalgebra B is called a quantum affine reflection algebra if the intertwining 
equation 

(1.7) (T 1/z ®f s )[A(b)]K(z)=K(z)(T z ®T s )[A(b)} for all beB, 

for some representations T z and T s defines a K -matrix K(z) G End(V® W) satisfying the reflection equation 

m 

Let the boundary vector space be one-dimensional, W = C. Then T s = e and K(z) G End(V <E> C). In 
this case the intertwining equation (|1.7[) becomes 

(1.8) {T 1/z ®e)[A{b)}K{z) = K{z){T z ®e)[A{b)] for all beB. 

For an irreducible representation T z (resp. T z ®T S ) of B, the intertwining equation (|1.8|) (resp. (|1.7|l ) 
defines the _fC-matrix uniquely up to an overall scalar factor. Note that the boundary representation T s may 
be different from T z ; however, in this paper we will consider the T s = T z case only. 

Definition 1.2. Let T s = T z be a non-trivial boundary representation. Then we call (|1.7|) the intertwining 
equation for a vector boundary. We call (|1.8| the intertwining equation for the singlet boundary. 

For a given algebra A and i?-matrix R{z) there can be a family of coideal subalgebras that define inequiv- 
alent solutions of the reflection equation. The most general solutions of the reflection equation are known for 
some Lie algebras only, and even less is known about the universal solution (see e.g. [48]). In the following 
subsections we will consider coideal subalgebras compatible with the reflection equation for the quantum 
affine enveloping algebras and Yangians. 
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1.3. Quantum symmetric pairs and coideal subalgebras. We will begin by introducing the necessary 
notation and then we will give the definition of the coideal subalgebras of the universal enveloping algebras. 
We will be adhering closely to [27.. 

Let g be a semisimple Lie algebra of rank n. Let $ denote the root space of g, and $ + be the set of 
positive roots. Let it = {a{\i^i be a basis of the simple positive roots in <£>+. Here I = {1, ... ,71} denotes 
the set of Dynkin nodes of g. We will use A to denote any root in $. Let (•,•) denote a non-degenerate 
Cartan inner product on h*, the dual of the Cartan subalgebra h of g. Then the matrix elements of the 
Cartan matrix (<Hj)%,j&i are given by <Zjj = 2(aj, aj)/ (ai, ai). There exists a set of coprime positive integers 
(fj) such that (bij) — (r^ay) is symmetric and is called the symmetrized Cartan matrix. 

The triangular decomposition of g is given by n ®h©n + , and the basis for n~ (resp. n + ) is {fi}i£i 
(resp. {eijigi). Let hi — [e», fi] for all i e I. Then {a, fi, hi}i^i is a Chevalley basis for g satisfying 

(1.9) [hi,hj] = , [ei, fj] = Sijhi , [hi, &,•] = a^ej , [h i} fj] = -ajifj , 
and the Serre relations 

(1.10) (ade,) 1 "^ ey = 0, (ad/,) 1 ^- fj = 0. 

Let 9 : g — > g be a maximally split involutive Lie algebra automorphism (involution) of g, i.e. 

(1.11) 0(h) = h, {0(d) = e,, 0(/i) = /» I 0(/ii) = h} , {^en-.fi^en+I^A}. 

It defines a symmetric pair (g,g e ), where g e is the 0-fixed subalgebra of g, and induces an involution O 
of the root space $. Let ttq — {Q(an) — ai\cti En} denote the 9-fixed subset of n. Then, by (|1.11|) . 
O(-ay) 6 $ + for all a 3 € 7r\7r e . 

Let p be a permutation of {1, . . . , n} such that 

(1.12) Q( a j) € — a p(j) — ^TTe for all ay ^ 7re , 

and p(i) = i otherwise. Let it* be a maximal subset of 7r\7re such that ay 6 7r* if p(j) = j, or only one of the 
pair aj, a p /j\ is in it* if p(j) ^ j. Then for a given j such that aj € 7r* there exists a sequence {a^, . . . , oy r }, 
where ay fc € 7re, and a set of positive integers {mi, . . . , m r } such that 9 defined by 

(1.13) 0(fi)=fi, 9{e i )=e l , 9 (hi) = hi for all a* 6 ttq , 
and 

*(/,) = (ade^ • • • ej"^ , 0(/ pW ) = (-l) m «> (ade^ • • • e£*>)ej , 

0( ej ) = (-ir« (ad/]-' . . . /jr^)/pw . 8M - (^ft r} ■ ■ ■ . 

(1.14) @(hj) = —mihj-L — ... — m r hj r — h p (j\ , 6(h P (j)) = —m\hj 1 — . . . + m r hj r — hj , 

for all aj € 7r* is an involution of <? (up to a slight adjustment and rescaling of the definition of powers (rrij) 
such that [9(ej),9(fj)] = 9(hj) and 

(^f^--.f^)\(^^.-.^)e j \=e 3 , 

(1.15) (ad e^^ • • • e£*>) [(ad jf '> • . • = /j - 

would hold). Here (ada)fe = [a, 6] and = mi + ... + m r - Note that the notation used in (| 1 . 14[) 

corresponds to Q(aj) = —miOtj 1 — ... — m r aj r — a p u-\. The special case O(aj) = — ay for all simple roots 
ay G 7r gives Chevalley anti-automorphism k(/j) = ey, /c(ey) = fj, n(hj) — —hj. 

Let the quantum deformed universal enveloping algebra U q (Q) of a semisimple complex Lie algebra g 
of rank n be generated by the elements kf 1 (h — q Tihi , i £ I, and q £ C x is transcendental) that 
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correspond to the standard Chevalley-Serre realization satisfying 



(1.16) 



k^k^ — k^ k{ — 1 , 



k^k^ — ■ kj ki - 



1i - Qi 



and the quantum Serre relations 



(1.17) 



1 — dij 
m=0 



m em 



= , for all i / j . 



The notation used in here is qi — q Ti and 



(1.18) 



n\„l = \n]„\n 



in — m\ 



The algebra U q (o) becomes a Hopf algebra when equipped with the coproduct A, antipode S and counit 
e given by 



(1.19) 



A(c)=c®^r 1 + l ®c r . 



S(ki) — fcj , 

s(C) = -C*i> 



e{ki) = 1 



= 0. 



Being a Hopf algebra, W g (g) admits a right adjoint action making U q (g) into a right module. The right 
adjoint action is defined by 

(1.20) (ad r ^ + ) a — k~ 1 a£+ - k^^fa, (ad r £~) a = a£ 4 r - a k' 1 , (ad r h) a = k^a h . 

We shall also be using a short-hand notation (ad r £f ■ ■ ■ £,f)a = (ad r £ 4 + • • • (ad r £/)) a > for any a £ U q {o). 

Let T be an abelian subgroup T C generated by k { . Set Q(ir) to be equal to the integral lattice 

generated by it, i.e. Q(tt) = X)i<j<n ^ a i- Then there is an isomorphism r of abelian groups from Q(ir) to T 
defined by r(a^) = fcj, thus for every A £ $ there is an image r(A) € T. 

Consider the involution 9 of q defined in (| 1 . 13[) and (|1.14[) . It can be lifted to the quantum case in the 
following sense. 

Theorem 1.1 (Theorem 7.1 of [26 ). There exists an algebra automorphism 9 oflA q {o) such that 
%) = q- 1 , 



(1.21) 



6(t(A)) = t(6(-A)) for all r(A) £ T, 
mj)=[(^ r ^'---^ r ')k. 

ld ^; - ) ) = (-i) mu) [(ad r ^ 



+ (mi) _ c+ (m r )^ J- _i -I 

p(j)%0')J 



This construction allows us to define a left coideal subalgebra of U q {o) induced by the involution 0. Let 
7© = { r (A) | 0(A) = A} be a 0-fixed subalgebra of T. Let M be a Hopf subalgebra of W g (g) generated by 
kf 1 for all a?i G 7Te- Note that kjk~h-, £ 7o for all a, £ 7r*, thus Tm £ 7o where Tm = {fc^ 1 } is the 

Cartan subgroup of M.. Furthermore, 9 2 = id when restricted to M. and to T. Finally, in the q — > 1 limit # 
specializes to 0. 
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Theorem 1.2 (Theorem 7.2 of [26J. T/ie subalgebra B C U q {o) generated by Ai, 7e ZAe elements 

(1.22) ST" = £TAy - dj 6(£-)kj for all ay G 7r\7r e , 

and suitable dj G C x is o Ze/t coideal subalgebra ofUq[Q). 

Let 77 + (resp. be the subalgebra of W 9 (g) generated by £ z + (resp. /Cj£7) for all ccj G 7re- Set M. = 
[/ ± n M. By the definition, the elements 9{£j)kj are such that (see Section 6 and the proof of the Theorem 
7.2 of [26]), 

(1.23) A.(9(£j)kj) G k ®9{^J)k J +U q {Q)®M + Te^U q {Q)®B. 
Hence the coproducts of BJ are of the following form, 

(1.24) A(Bj) G kj <g> BJ + U q ( Q ) ® M + Tb C W,(fl) (8 £ . 

Corollary 1.1. The subalgebra T> C B generated by M, 7e and the elements BJ for any but not all 
ay G 7r\7T0 is a left coideal subalgebra of U q (g). 

The pair (bi q (o), B) is called the quantum symmetric pair and is the quantum analog of the pair of 
enveloping algebras (U(q), U(q 9 )). For more details consult Section 7 of [26]; for explicit B's for various 
simple Lie algebras see [57] ■ Note that the action of 9 on is not explicitly defined by Theorem ll.il but is 
constrained by requiring 9 to be an automorphism of U q (o). 

In some cases it is more convenient to work with an equivalent coideal subalgebra B' which is obtained 
by interchanging all £~ and k^ 1 ^, {i G I}. Let us show this explicitly. Consider a C-linear algebra 
anti-automorphism kb oiU q (g) given by 

(1-25) KB{£-) = Cg 1 kJ 1 tt, KB(et)=CB$-ki, « B (r(A))=r(A). 

Then there exists cb £ C x such that kb(B) = B holds. This is easy to check. Firstly, 
(1.26) K B {{&d r (i+)b) = -c B {ad r ^) KB (b), Kfl((adr$-)&) = -c B \&d r £+)K B (b) . 

Recall that 

(1-27) (ad r £< mi > • • .^ (m '°)(ad r ■ --^W^ = k I^t ■ 

This gives 

k b (BJ) = c^^kj^kj - 4[(ad r ^^) • ■■tj r imr % u) ]k ] ) 
(1-28) = ciY*«$(-l)"K« [(ad r ^ (mi) • ■■Zl {mr) )BJ {j) ] kj^kj , 

where dj = djCg b) q^ k " lka ^k ~ a a , and we have required dj = q a " djhy Thus kb(BJ) G B, and in a 
similar way one could show that k b (BJ,^) £ B. Finally, the property is manifest for M. and of 7e>. This 
implies that one can replace all generators BJ (jl.22l) by an equivalent set of generators B~J that are obtained 
by interchanging all £~ and kj 1 ^ (i G I) in ([PTjl and (fl~22l giving [28] 

(1.29) B+ = ^'+kj - dj 9'{i' + )kj for all ay G 7r\7r e , 

and suitable dj G C x ; here £j + = kj 1 ^ an d 0' is defined by 

(1-30) ^•))=[K^ ( ^ ) -^ (roi) )^]. 
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The coproducts of have the following form 

(1.31) A{B+) g kj ®B+ + U q {g) &M.-T& . 
This leads to the following corollaries: 

Corollary 1.2. There exists an algebra automorphism 9' oiU q (g) such that 

0'(q)=q-\ 

for all c^erre, 

(1.32) §'(t(X))=t(Q(-X)) for all r(A) G T, 

and (| 1 . 30[) holds for all ctj G tt*. It is an involution 9' 2 = id when restricted to Ai and to T. In the q —> 1 
limit 6*' specializes to 9. 

Corollary 1.3. The subalgebra £>' C U q (g) generated by Ai, 7g> and the elements 

(1.33) B+ = tf+kj - d'j 9{i'+)k 3 for all a 3 G 7r\7r e , 
and suitable d' } ■ G C x is a left coideal subalgebra of U q (g). 

Corollary 1.4. The subalgebra V C B' generated by Ai, 7e and the elements Bj~ for any but not all 
ay G 7r\7re is a left coideal subalgebra of U q (g). 

Note that in this case the action of 9' on £~ is not explicitly defined, but is constrained requiring 9' to be 
an automorphism of U q (g). 

1.4. Quantum amne coideal subalgebras. We will further be interested in two particular extensions of 
the coideal subalgebras defined above. We will construct coideal subalgebras of the quantum affine algebra 
U q (o) that are associated with singlet and vector boundaries. 

Let g be the (untwisted) affine Kac-Moody algebra. Let (a,ij) i - e j denote the extended Cartan matrix and 

(bij) = (ji a,ij) be the symmetrized extended Cartan matrix. Here I = {0, 1, . . . , n} denotes the set of Dynkin 
nodes of §. The set of the simple positive roots is given by tt = ao U tt, where ao is the affine root. Recall 
that § is an one-dimensional central extension of the Lie algebra C(g) = g[z,z _1 ] of Laurent polynomial 
maps C x — > g under pointwise operations. The triangular decomposition is given by g = n + ©h0n~, where 

(1.34) n ± = z ±1 C[z ±1 ]®(n =F ©h)©C[z ±1 ]©n ± , fi = (1 © h) © CK (B CD , 

Here K is the central element and D is the derivation of the algebra. The Chevalley generators are given by 
Ef = 1 (g) ei , = z © e G z © n _ C n+ , 

Ei = 1 <g> fi , Eq = z- 1 © f G z- 1 © n+ C n" , 

(1.35) Hi = 1 (8) hi , H Q = [E$,Eo] G [e , / ] + CK C h , 

where eo G g-$ , /o G g$ are such that i? G $ + is the highest root of g. 

The elements Ef , H (i G I) generate a subalgebra g C g such that g = g © C-D is a semi-direct product 
Lie algebra. The derivation D = zd/dz of C[z, z~ x ] acts on g by 

(1.36) [D, ^] = ±E t and [D, iJ ] = [D, H] = [D, Ef] =0 for all i 6 I. 

Set (5 G h* such that 8(D) = 1 and 5(h © CK) = 0. Then the affine root is given by a a = 5 - <&. 
Consider an involution 9 of g such that the associated root space involution 9 is given by 

(1.37) B(ao) G — ckp(o) — ^( 7r \«p(o)) and O(a^) = aj for all a, G 7r\a p (o) , 
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and satisfying the following constraint, 

(1.38) ao — ®(ato) — kS , where 



1 for p(Q) , 

2 for p(0) = , 



here p(0) G {0, . . . , n}, and 7r\o!p( ) = 7r if p(0) = 0. Define 9(D) = —D. Then, for the p(0) = case, the 
relations 

(1.39) [0(D),6(E±)]=0([D,E±]) and [9(D), 9(E± )] = 0([£>, Ef ]) for all iel 

are satisfied, and thus the involution 9 can be naturally lifted to an involution of g. Otherwise, if p(0) ^ 0, 
relations f| 1 . 39[) do not hold and such lift is not possible. Nevertheless, 9 2 = id on g for both cases. 

Let U q (g) be the universal enveloping algebra of g. The algebra U q (g) in the standard Drinfcld-Jimbo 
realization is generated by the elements g^, kf (i G t) satisfying (|1.16[) and (| 1 . 1 T[) with ay (resp. fry) 
replaced by ay (resp. By). The subalgebra of U q (g) generated by /cf 1 (i £ I) is a Hopf subalgebra 
and is isomorphic as a Hopf algebra to U q (g). In this way, the modules of M q (g) restrict to the modules of 
U q (g) 5CK The involution 9 defines a Hopf subalgebra M C U q (g) generated by kf 1 for all oti G 7r\a p ( ) 
and an abelian subgroup 7e hr the sense as described above. Furthermore, the involution 9 induces an 
automorphism of U q (g) in the following way. 



Proposition 1.1 (Theorem 11.11 for the quantum affine algebras). Let a root space involution O be defined 
as in (|1.37[) . Then there exists a sequence {aou ■ • ■ j«o r } 7 where ao k S 7r\a p (o); an d a se -t of positive integers 
{mi, . . . ,m r } such that the algebra map 9 defined by 

0(q) = q- 1 , 

£(ff)=£f for all Oi G 7r\a p(0) , 
§(r(A)) - r(9(-A)) /or r(A) e T, 



^o-)=[(ad^o + 1 (mi) -^ (mr) )U^ ; 



+ 1 
p(o) s p(o)J 



(1-40) anrf flf(Q 0) ) = (-I)™™ [(ad r ^ (mr) • • • ^ ^ Vo" 1 ^] , 

can fee extended to an automorphism of U q (g) . Furthermore, it is an involution 9 2 — id when restricted to 
Ai and to T ■ In the q — > 1 limit 9 specializes to 8. 

Note that for p(0) = case the last two lines of (|1.40p are equivalent. The proof of this proposition would 
be a lift of the proof of the Theorem 7.1 of [26]. This is because the sequence {mi, . . . , m r } does not include 
the affine root, which makes the whole construction very similar to the non-affine case. However here we will 
not attempt to give a proof as it goes beyond of the scope of the present work. We will concentrate on the 
quantum affine coideal subalgebras B C I4 q (g) compatible with the reflection equation. Set fc* = {ao,a p (o)} 
if p(0) 7^ 0, and tt* = {ao} otherwise. Then: 

Proposition 1.2. The algebra B generated by A4, 7e, and the elements 

(1.41) BJ =tjk j -d j 6(Zj)h for a 3 er, 
and suitable dj G C x is a quantum affine coideal subalgebra ofU q (g) . 

Proof. The proof of this proposition is a direct lift of the proof of the Theorem 11.21 (Theorem 7.2 of [26 ). 
We need to check that 

(1.42) A(6) G U q (g) ®B for all b G B . 
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This property is manifest for all generators of Ai and of 7e- Next we need to show that it also holds for 
BJ. By the definition 0(£j) is such that 



(1.43) A(0(^)k 3 ) G kj ® 9(^)k 3 + U q (g) ® M + Te • 
Hence 

(1.44) A ( B i) e fej ® BJ- + W,(b) <g> TW+Te C W ? (fl) ® B , 

as required. □ 



Analogously to the non-affine case, we could instead introduce an equivalent coideal subalgebra B' which 
is obtained by interchanging all £~ and {i G I}. This leads to the following corollaries: 

Corollary 1.5. There exists an algebra automorphism 9' of such that 

0'(q) = q- 1 , 

Q'(£t)=€t for all on G 7r\a p(0) , 
0'(tM) = t(0(-A)) for all t(A) e T, 

= (-ir <o) [K?„ 1 (mi) • -^ (mr) )C(o)] 

(1-45) and §'(Q 0) ) = [(ad, ^ • • • ^ ^Kol , 

Furthermore, it is an involution 0' 2 = id when restricted to M. and to T ■ In the q — > 1 limit 0' specializes 
to the involution 9. 

Corollary 1.6. The subalgebra B' C H q (o) generated by Ai, 7g> and the elements 

(1.46) B+ = t'+kj - d' 3 9{£,'+)k J for a, G vr* , 
and suitable G C x is a left coideal subalgebra of U q (o). 

Definition 1.3. We call B^ the twisted affine generators. 

The coideal subalgebra B (resp. B') defined above with suitable dj G C x (rcsp. d' ■ G C x ) is a quantum 
affine reflection algebra. These two algebras are isomorphic by the construction. In the cases when it is 
obvious from the context we will further refer to a quantum affine reflection algebra simply as a reflection 
algebra. The parameters dj (resp. dj) are constrained by solving the intertwining equation (jl.7p for all 
generators of B (resp. B'). 

In certain cases, in particular for p(0) ^ 0, the requirement for dj (or equivalently for d'j) to be non-zero 
is too restrictive. Thus in such cases it can be more convenient to deal with a reflection algebra defined in 
the following remark. 

Remark 1.1. The subalgebra B C U q (g) generated by Ai, 7e and the elements 

(1.47) Bo=^ko-dJ(^)ko and B+ = $+ko - d + 9'(C'+)k Q 

with suitable d± G C is a quantum affine reflection algebra. 

We will give explicit examples supporting the claims above for both singlet and vector boundaries in the 
following sections. In Section 2 we will construct coideal subalgebras for U q (sl(2)), and in Section 4 for 

u q Q(i\i)). 
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Note that for the p(0) = case inclusion of both Bq and Bq could potentially lead to an unwanted 
growth of B. This can be avoided by a suitable choice of d±. Let us show this explicitly. Consider the 
following element, 

-d_[(ad r ^ 1 (roi) ...^ (ro - ) )B + ife tf ] 

(1.48) = [ - dJ(^) + d_d + (ad r £+ (mi) • ■ -ti^ko^ ■ ■<o 1 imi %}koko = B^k, , 

where k# = ki ■ • ■ k n 6 7e- The last equality holds for a suitable choice of d± . 

Finally note that one could equivalently choose ^ + = ^kj 1 in (|1.47[) . This would introduce a factor of 
q± a 33 f or d± . 

1.5. Yangian. The Yangian 3^(0) of a Lie algebra g is a deformation of the universal enveloping algebra 
of the polynomial algebra g[u]. It is generated by the level-zero g generators j a and the level-one Yangian 
generators j a . Their commutators have the generic form 

(1.49) \j a j b } = f ab c f, [r,?]=r b c ?, 

and are required to obey Jacobi and Serre relations 

(1-50) [j la ,[j",f ] ]]=0, [j [Q ,[?,J c1 ]] =a 2 a Qbc de/ J { W } , 

where \- abc ^ denotes cyclic permutations, l de ^l is the total symmetrization, and a abc de f = ^if at ' d f bh e f ck f f g hk- 
For g = st(2) the second equation in (11.50)) is trivial and 

(1.51) [[?",?], [j l 3 m ]} + [[?,?"], = o?(a abc deg f lm c +a lmc deg .f ab c )] {d ff } 

needs to be used instead. The indices of the structure constants f ab d are lowered by means of the Killing- 
Cartan form gbd- Here a is a formal level-one deformation parameter which is used to count the formal level 
of the algebra elements. In such a way the left and right hand sides of the expressions in (|1.50[) and (|1.51[) 
are of the same level. 

The Hopf algebra structure is then equipped with the following coproduct A, antipode S and counit e, 
= f ® 1 + 1 ® j a , S(f) = -f , e(j°) = , 

(1.52) A(r) = j a ®i + i®? + fr bc /®j c , sCf) = -l a - c -^r, e(?) = o, 

where c B is the eigenvalue of the quadratic Casimir operator in the adjoint representation (f bc f c bd = c g g a d) 
and is required to be non- vanishing. 

The finite-dimensional representations of y(g) are realized in one-parameter families, due to the 'evalua- 
tion automorphism' 

(1.53) T U :y( Q )^y( Q ) r^r, f^f + uf, 

corresponding to a shift in the polynomial variable. On (the limited set of) finite-dimensional irreducible 
representations of which may be extended to representations of J^(fl), these families are explicitly realized 
via the 'evaluation map' 

(1.54) ev M : y( a ) -> U( ) f ^ f , f uf , 
which yields 'evaluation modules' and u is the spectral parameter. 

The level-two Yangian generators may be obtained by commuting level-one generators as 

(1-55) 3 a = -Ac [?,?], and [?,?] = f ab J c + X ab , 
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where the non-zero extra term X ab is constrained by the Scrrc relations ([L50l) to satisfy f [ab d X c ^ d = Y abc , 
here Y abc is the right hand side of the second equation in (|1.50p (and thus a fixed cubic combination of 
level-zero generators), and by (|1.55[) to satisfy f a bc X bc = [2"T] . 

Let V be a finite dimensional vector space and T u : y(g) — > End(V) be an evaluation representation of 
y(g) on V. Then (T u <E> T v ) : 1Z —> R(u — v) £ End(V <E) V) maps the universal i?-matrix to a matrix, called 
rational i?-matrix. In such a way p. II) becomes the intertwining equation, 

(1.56) R(u-v)(T u ®T v )[A(a)] = (T u <Z> T v )[A op (a)} R(u - v) for all a E y(g) , 
and equivalently the Yang-Baxter equation (|1.2p becomes 

(1.57) R 12 (u - v)R 13 (u)R 23 {v) = R 23 {v)R 13 (u)R 12 (u - v) . 

1.6. Generalized twisted Yangians and the reflection equation. The reflection equation for the Yan- 
gian algebra is obtained from (|1.5j) in the same way as (|1.57j) from (|1.4[) giving 

(1.58) R 12 (u - v)K 13 (u)R 12 {u + v)K 23 (v) = K 23 (v)R 12 (u + v)K 13 (v)R 12 (u - v). 
Let B C y(s) be a left coideal subalgebra, 

(1.59) A{b)ey{g)®B for all beB. 

Let T s : B —> End(W) denote an evaluation representation of B on the boundary vector space W. Here we 
assume W to be finite dimensional. 

Definition 1.4. The coideal subalgebra B is called a Yangian reflection algebra if the intertwining equation 

(1.60) {T- u ®f s )[A(b)}K(u) = K(u) (T u ®f s )[A(b)] for all beB, 
defines a K -matrix K(u) € End(V ® W) satisfying reflection equation (|1.58|) . 

Let the boundary vector space be one-dimensional, W = C. Then T s — e and K(u) E End(V <E> C). In 
this case the intertwining equation (|1.60p becomes 

(1.61) (T- u ®e)[A(b)]K(z)=K(z)(T u ®e)[A(b)] for all beB. 

Note that (|1.60p and (|1.6ip are Yangian equivalents of the quantum afiine intertwining equations (|1.7p and 
(|1.8p . Finally, for an irreducible representation T u (resp. T u <Ei T s ) of B the intertwining equation (|1.6ip 
(resp. (jl.60p ) defines a if-matrix uniquely up to an overall scalar factor. As in the quantum affine case, the 
boundary representation T s may be different from T u . Here we will consider the T s = T u case only. 

We will next identify two types of coideal subalgebras of y(o) that are compatible with the reflection 
equation. These are the so-called (generalized) twisted Yangians introduced in [11] and [39], and are con- 
structed by defining involutions of y(g) and requiring the coideal property to be satisfied. We will simply 
be calling these twisted Yangians to be of type I and type II respectively. We give the next two propositions 
without the proofs as they are straightforward. 

Proposition 1.3. Let a subalgebra \) C be such that the splitting g = i)ffim forms a symmetric pair 

(1.62) M]ch, [h,m]cm, [m,m]ch. 
This splitting allows us to introduce an involution 9 of q such that 

(1.63) 9(f) = f , 9{f ) = -f , where f e f) , f £ m . 
Then 9 can be extended to the involution 9 of y(o) such that 

(1.64) #(?) = -?, *(?)=?, 9(a) = -a. 
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Proposition 1.4. Let 9 be a trivial involution of g, 

(1-65) e(f)=j a , j a EQ. 

Then it can be extended to a non-trivial involution 9 ofy(g) such that 

(1.66) eCf) = -l\ 0G a )=7 a , 9(a) = -a. 

Involution 9 endows y(o) with the structure of a filtered algebra which combined with the requirement 
for the coideal property 

(1-67) A(^(g)))c}/(g)®fl(K0)), 

to be satisfied defines the twisted Yangian y(Q,9(g)). Here 9(y(d)) denotes the #-fixed subalgebra of 3^(0), 
and 9(g) denotes the #-fixed subalgebra of 0. 

Definition 1.5. Let f) = 9(q) be a non-trivial 9 -fixed subalgebra of q. Then the twisted Yangian 3^(0, f)) of 
type I is a left coideal subalgebra of y(g) generated by the level-zero generators j l and the twisted level-one 
generators J77J[Z2F- 

(1.68) f=f + atf + jf qi (ff+ff), A (?) = f ® 1 + 1 ® f + af qi f®f, 

where i(, j, k, ...) run over the t)-indices and p,q(,r, ...) over the m-indices, and t 6 C is an arbitrary complex 
number. 

Definition 1.6. Let 9(q) = q be a trivial involution of 0. Then the twisted Yangian 3^(0,0) of the type II is 
a left coideal subalgebra ofy(o) generated by the level-zero generators j a and the twisted level-two generators 

(i-69) ? = j a + «t? + |r bc (jV+j c ?) , 

having coproducts of the form 

(1.70) A(?) = ? ® 1 + 1 ® ] a + af%J b ® f + ^fl c ( h+ cb m j l j k ® f + h_ cb kl f ® j l j k ) , 

where h^ b m = f c ld f b k J de l ± f cc ' d (f b k e fu + Aefki)- Indices a(,b,c, ...) run over all indices of Q, and t e C 
is an arbitrary complex number. 

Remark 1.2. In the case when c B = (and g a d is degenerate) the twisted level-two generators can be 
alternatively defined by [39] 

(1-71) l ch = [?,?] + at [f ,?] + | f h de r g Q a 3 d +3' r 3 3 ) ■ 

Remark 1.3. Let the coproduct of j be defined in terms of the Casimir operator t, 

(1.72) A(f) + + ^[ t ,f ® 1] , 

where t is regarded as an element of U q (g)® 2 . Then ()1.68j) can be written as 

(1.73) f =f + atf + ^[t\f], A(f)=f®l-l®f + a[t\f®l], 

where v> is the restriction of t to the subalgebra f). The expressions (|1.69l) and (|1.70p can be written as 
(1-74) l a =l a + <*tj a + j[t,f], 

2 

(1.75) A(f) = f ® 1 + 1 ® f + a[t,] a ® 1] + ^-f a bc [[t,f ® 1], [t, j b ® 1]] . 
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The twisted Yangians with suitable ( £ C are Yangian reflection algebras. The isomorphism with the 
FRT-rcalization of the twisted Yangians for the type I case for g = sl(n), n > 2 was explicitly shown in |19) . 
In the following sections we will give explicit examples of the twisted Yangians of both types and show that 
they are Yangian reflection algebras. In section 3 we will construct generalized twisted Yangians for y(sl(2)), 
and in Section 5 for J^(g[(l|l)). We will also show, however rather heuristically, that the quantum affine 
coideal subalgebras in the rational q —> 1 limit specialize to the twisted Yangian of type I if p(0) ^ 0, and 
to the type II if p(0) = . It would be very interesting to see this specialization in terms of the approach 
presented in [4T>ll4T] . However this would require Drinfeld second realization of the reflection algebras which 
to our knowledge is currently not known. 



2. Reflection algebras for U q (sl(2)) 



Algebra. The quantum affine Lie algebra U q (sl(2)) in the Drinfeld- Jimbo realization is generated by the 
Chevalley generators the Cartan generator k\, the affine Chevalley generators £^ and the corresponding 
Cartan generator k$. The extended (symmetric) Cartan matrix is given by 

2 -2 



(2.1) 



(a 



ij)0<i,j<l 



The corresponding root space $ is generated by -fl- 
are as follows, 



2 2 
{a , oci}. 



The commutation relations of the algebra 



(2.2) 



[foil — ) 



Representation. We define the fundamental evaluation representation T z of U q (sl(2)) on a two-dimensional 
vector space V with basis vectors {vi, v 2 }- Let e^t be 2 x 2 matrices satisfying {ej,k)f,k' — ^j,j'^k,k' or 
equivalently e^,-Ufe = 5j,k v i (i-e. for any operator A its matrix elements arc defined by Avi — AjiVj). 
Then the representation T z is given by 

T z (€f) = ei,2, = e 2,i ) T z {k x ) = qe lyl + q~ 1 e 2 ,2 , 

(2.3) T z {^) = ze 2 ,i, T z (£q) = z~ x e\$ , T z (k ) = q~ 1 e lyl + qe 2 ,2 , 

We choose the boundary vector space W to be equivalent to V. The boundary representation T s is obtained 
from (|2.3p by replacing z with s. Here z (resp. s) is the bulk (resp. boundary) spectral parameter. 
The fundamental i?-matrix Rij(z) G End(Vi ® Vj) satisfying the Yang-Baxter equation (|1.4|) 

Ri2(z/w)R 13 (z)R 23 {w) = R 2 z{w)R lz (z)R 12 {z/w) , 

is given by 



(2.4) 



R(z) 



( 1 



V 




r 

1 - r/q 






I — q r 
r 







1 / 



where 



qz- 1/q 



2.1. Singlet boundary. Consider the reflection equation (|1.5p on the space V <g> V ® C with the i?-matrix 
defined by (|2.4p and the i^-matrix being any 2x2 matrix satisfying 

R 12 (z/w)K 13 (z)R 12 (zw)K 23 (w) = K 23 (w)Ri 2 (zw)Ki 3 (z)R 12 (z /w) . 

The general solution is [50] 

(2.5) K(z) = ( h \, ak ' ) , where k = ^\ , k> 



bk' k J' z{c-z)' z(c-z) 
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and a, b, c £ C are arbitrary complex numbers. 

We are interested in a solution compatible with the underlying Lie algebra. The minimal constraint is to 
require the reflection matrix to intertwine the Cartan generators, 

(2.6) (T 1/z ® e)[A(fe)] K{z) - K(z) (T z ® e)[A(k t )] = . 

This constraint restricts the iC-matrix ()2.5j) to be of a diagonal form (a = b = 00 Next, it is easy to see 
that such a if-matrix does not satisfy the intertwining equation for any of the Chevalley generators, 

(2.7) (T 1/z ® e)[A(^)] K(z) - K(z) (T z ® c)[A(^)] ^ 0. 

We call Cartan generators ki the preserved generators, while the Chevalley generators £^ are the broken 
generators. This setup is consistent with the following quantum afhne coideal subalgebra. 

Proposition 2.1. Let the involution O act on the root space $ as 

(2.8) 6(a ) = -<*!■ 

TTien if defines a quantum affine coideal subalgebra B C A = U q (sl(2)) generated by the Cartan element 
kok^ 1 and the twisted affine generators 

(2.9) B+ = Z'+k - d+ erfco , Bo = Zok - d. £+k , 
where = fc~ £*" and d± 6 C are arbitrary complex numbers. 

Proof. The generators (|2.9p satisfy the coideal property 

A(B+) = g+ko ® 1 - d+ Cffco ® fco^r 1 + &o ® e A Cg) 6 , 

(2.10) A(Bo) =toko®l-d-£ 1 + k ®k Q ki 1 + k ®B+ eA®B, 

and the property is obvious for kok^ 1 . □ 

Proposition 2.2. TTie quantum affine coideal subalgebra defined above with d + q = d_ / 'q = c, where c G C. 
is a reflection algebra for a singlet boundary. 

Proof. The representation of the generators of B is given by 

(2.11) T z (k k^ 1 ) = q~ 2 e hl + q 2 e 2:2 , T Z {B+) = q- 2 (z - qd+)e 2 ,i , T s (Bq) = (<? z' 1 - d_)e 1)2 . 

Let be any 2x2 matrix. The intertwining equation for k^k^ 1 restricts K(z) to be of a diagonal form, 

thus up to an overall scalar factor, K(z) = + ke 2 . 2 - Next, the intertwining equation for B ± gives 

(2.12) 1 + qzd+(k - 1) - z 2 k = 0, d-(k - 1) + q (z" 1 - z k) = , 

c z — 1 

having a unique solution d+ q = d- 1 q = c and k = — -, where c 6 C is an arbitrary complex number. 

z[c — z) 

This coincides with (|2.5p provided a = b = . 

□ 



This constraint may be alternatively obtained by requiring the unitarity property to hold, K (z 1 )K(z) = id. 
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2.2. Vector boundary. Consider the reflection equation ()1.5[) on the tensor space V ® V <S> W with the 
i?-matrix defined by (|2.4[> . Then there exists a solution of the reflection equation, 

/ 1 \ 

1 - k/q k 
k l-qk 



(2.13) 



(g-g- 1 )^ 2 -!) 

where r - 



g 2 — c z + q 2 z 2 



\ 1 / 

and c S C is an arbitrary complex number. This if-matrix satisfies the intertwining equation (|1.7[) 

(2.14) (T lA (g)T s )[A(6)]K(2)-^(^)(T z (8)T s )[A(6)] =0 for all beU q (sl(2)). 

We call Cartan generators fcj and Chevalley generators ^ the preserved generators, while the affine Cheval- 
ley generators ^ are the broken generators. Next, we identify the corresponding quantum affine coideal 
subalgebra consistent with the reflection matrix (|2.13[) . 

Proposition 2.3. Let the involution act on the root space $ as 

(2.15) 0(a o ) = -oto - 2qi , 6(ai) = a x . 

Then it defines a quantum affine coideal subalgebra B C A = U q (sl(2)) generated by the Cartan generator 
k\, the Chevalley generators and the twisted affine generator 

(2.16) B„ = e -fc - d_((odrC^)^ + )Ao , 
where £q + = fog" scf arl ^ ^- £ C x is an arbitrary non-zero complex number. 
Proof. The twisted affine generator f|2 . 16[) satisfies the coideal property 

A (B Q ) = ( Q k a ® 1 - d_ ((adr e+Ci + )eo + )fco ® fci~ 2 + k ® B - 

(2.17) +d-9 2 (o 2 -^ 2 )fe + ®(ad^ 1 ')ei + -fco(ad r C ] f )Co + ®fcr 1 ei + ) 
The property is satisfied by the definition for the rest of the generators. 

□ 

Remark 2.1. This algebra may be alternatively generated by k\, and the twisted affine generator 

(2.18) B+ = t'+k - d+((ad r fr^")fo )*D . 
having coproduct 

A ( B cf ) = C fc o ® i - d+((ad r frfr)^o )*o ® fc r 2 + fc o ® B+ 

(2.19) -rf+(<z 2 -^ 2 )(^fco® (ad r er)er -o _2 fco(ad r er)^ ®fcr^r) e 

and d+ = dl 1 (q- 1 + g)~ 2 . The generators B^ are related by 

(2.20) B = -d- [(adr £i + £i + )B+fci] fcf 1 . 

Proposition 2.4. The quantum affine coideal subalgebra defined above with q 2 d + = q~ 2 d- = (q + g -1 ) -1 
is a reflection algebra for a vector boundary. 

Proof. The representation (T z ® T s ) of the coproducts of the Lie generators of i3 is given by 

(T z g> T s )[A(fci)] = g 2 e M + e 2 , 2 + e 3 , 3 + g~ 2 e 4 , 4 , 
(T z ® T S )[A(£+)] = ?ei l2 + ei, 3 + e 2 . 4 + g _1 e 3 , 4 , 

(2.21) (T, ® T s )[A(r)] = ea,i + g^ea.i + ge 4 , 2 + e 4 , 3 , 
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and of the twisted affine generators by 

(T z ® T S )[A(B+)} = (q- 3 s + d + {s- l {q- 2 + 1) - z" 1 ^ 4 - 1))) e 2 ,i + q- 2 (z + d+z^iq + q' 1 )) e 3 ,i 

+ (q- 2 z + d+qlz-^q + g" 1 )) e 4 , 2 + + d+^fa 2 + 1) - z" 1 ^ 4 - 1))) e 4 , 3 , 

(T z ® T a )[A(B -)] = (s- 1 + q^d^siq- 2 + 1) - z(<T 4 - 1))) e ll2 + (g z" 1 + d_z(q- 4 + q- 2 )) e 2 , 4 
(2.22) + (q z- 1 + d_z(q 2 + 1)) e 2i4 + (q 2 s~ 1 + q x d_ (s(q 2 + l)-z(q i - 1)) e 3 , 4 . 

Let K(z) be any 4x4 matrix. Then the intertwining equation for the Lie generators (|2.21l) constrains K(z) 
to the form given in (|2.13[) up to an unknown function k and an overall scalar factor. Next, the intertwining 
equation for the twisted affine generators (|2.22l) has a unique solution, 



(2.23) 



q 2 d+ 



q~ 2 d- 



(<?• 



(q-q^)(z 2 -l) 
2 — (s _1 + s)z + q 2 z 2 



which coincides with k given in (|2 . 1 3|) provided c = s + s 



□ 



Remark 2.2. Reflection matrix (|2.13|) satisfies the intertwining equation for all Cartan generators ki G T, 
thus the subalgebra 6®Tc A is also a reflection algebra. The same is true for the reflection algebra of the 
singlet boundary. 



Remark 2.3. The coideal subalgebra defined in proposition 
The corresponding reflection matrix is 



is also compatible with a vector boundary. 



(2.24) 

where 
(2.25) 



K{z) 



( 1 



V o 





1 + s(q 2 z — c)k 
q(cs — l)k kl 




s z 






° ^ 


: — s)k 
- 1 -q 2 c)k 











*> J 



(q 2 - l)(z 2 - 1) 
(c — z){q 2 z — s){q 2 sz — 1) 



k' 



cz - 1 
z{c — z) 



and c, s £ C are arbitrary complex numbers. This vector boundary reflection matrix can be obtained using 
the boundary fusion procedure pj[25], which in this case is simply Ky(z) = P R(zs) (1 ® Ks{z)) P R(z/s), 
where K v (z) is (p^4]l . K s (z) is (J23]) with a = b = 0, and P = R(0) with R(z) given by (|2~4|) . 

Similarly, the coideal subalgebra defined in proposition 12.41 is compatible with the singlet boundary. 
However, the corresponding reflection matrix is trivial, 



(2.26) 



K = 



1 
1 



This reflection matrix can be obtained by solving the boundary intertwining equation for the Lie algebra 
generators only, and thus the twisted affine symmetries are redundant in this case. The reflection matrix 
(|2.13p can be obtained using an equivalent fusion procedure as above. These properties will further reappear 
in the Yangian case, and for the GL(1|1) algebra for both affine and Yangian cases. In these cases we will 
simply state that the corresponding reflection matrix is trivial and omit repeating the expression for the 
fusion procedure. 

Remark 2.4. Let T/ jZ be a finite-dimensional irreducible representation of the algebra U q (s 1(2)). Let I be an 
integral or half- integral non- negative number and V; be a (21 + l)-dimensional complex vector space with a 
basis {v m | m = — I, — 1 + 1, ■ ■ ■ ,1}. For convenience we set u_/_i = vi + i = 0. The operators Ti^ z [^f), Tj jZ (fcj) 



REFLECTION ALGEBRAS FOR SL(2) AND GL(1|1) 



17 



act on the space Vi by 

Ti lZ (£f)v m = ([I =F m] q [l ±m+ l] q ) 1/2 v m+ i , T Lz (ki) v m = q 2m v m , 

(2.27) T\,»(€a) v m = * ±X ([I =F m] q [l ±m + l} q ) 1/2 v m+1 , T,, a (*o) v m = cf 2m v m , 

Let the boundary vector space Wi and the boundary representation T^ s be defined in the same way. Then 
all the constructions of the quantum affinc coidcal subalgebras presented above apply directly for any finite- 
dimensional representation Ti tZ and lead to a unique solution (for fixed I) of the reflection equation (for the 
singlet boundary this was explicitly shown in |32j). 

The coideal subalgebra given in proposition [22] is the augmented q-Onsager algebra 0/i(s[(2)) of [TB] (see 
also [TTlfTB] ). Both of subalgebras 12.21 and 12.41 by the construction are closely related to the orthogonal and 
symplectic twisted q-Yangians Y* w (o 2 ) and Y* w (sp 2 ) introduced in [35], however we do not know the exact 
isomorphism. 

3. Reflection algebras for y(sl(2)) 

Algebra. The Yangian y(sl(2)) is generated by the level-zero Chevalley generators E^, Cartan generator 
H, and the level-one Yangian generators i? ± and the corresponding level-one Cartan generator H . The 
commutation relations of the algebra are given by 

(3.1) [H,E ± ]=±2E ± , {E+,E-}=H, [H, E*] = ±2E± , [ J B ± ,^]=±if, [H, H] = . 
The Hopf algebra structure is equipped with the following coprocluct, 

A(H) = H&1 + 1&H , A(H) = H ® 1 + 1 ® H - a (E+ ® E~ - E- ® E+) , 

(3.2) A^) = E ± ® 1 + 1 ® E ± , A(£±) =E ± ®l + l®E ± ±^(E ± ®H-H®E ± ). 

Representation. The fundamental evaluation representation of y(sl(2)) on the two-dimensional vector 
space V is defined by 

T U (E + ) = ei j2 , T U (E~) = e 2 ,i , T U (H) = ei,i - e 2 ,2 , 

(3.3) T U (E + ) = uei )2 , T U (E~) = ue 2 ,i , = w (ei,i - e 2 , 2 ) ■ 

We set T u (a) = 1. The boundary representation T s is obtained by replacing u with s. Here it (resp. s) is 
bulk (resp. boundary) spectral parameter. 

The fundamental i?-matrix Rij(u) E End(Vi ® Vj) satisfying the Yang-Baxter equation (|1.57l) 

Ru(u - v)Ri 3 (u)R 23 (v) = R 23 {v)Ri 3 (u)Ri 2 (u - v) , 

is given by 

( I \ 

r 1 - r . t£ 

_ , „ , where r = . 

1 -r r ' u - 1 

\ 1 / 

3.1. Singlet boundary. Consider the reflection equation (| 1 . 58|) on the space V ® V <S> C with the i?-matrix 
defined by p.4[) and the if -matrix being any 2x2 matrix satisfying 

Ri 2 {u - v)K 13 (u)R 12 (u + v)K 23 (v) = K 23 (v)Ri 2 (u + v)K 13 (v)Ri 2 {u - v) . 

The general solution is [8] 

(3.5) K{u) = ( ^ a ^ ) , where k = , k' = — ^— , 



(3.4) R(u) 
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and a, b, c £ C are arbitrary complex numbers. 

Once again we arc interested in a solution compatible with the underlying Lie algebra and thus require 
the reflection matrix to intertwine the Cartan generator H, 

(3.6) (T u ® e)[A(H)} K(u) - K(u) (T u ® e)[A(if)] = . 

This requirement restricts if-matrix (|2.5[) to be of the diagonal form (a = b = 0). Next, it is easy to 
check that such a ii"-matrix does not satisfy the intertwining equation for any other generators of sl(2) 
(and y(si(2)) ). Hence we call Cartan generator H the preserved generator, while the rest are the broken 
generators. This setup allows to define the following involution, which is obvious and thus we do not give a 
proof of it, and the twisted Yangian (we will follow the same strategy in further sections). 

Proposition 3.1. Let the involution 9 act on Lie algebra g = sl(2) as 

(3.7) 9{H)=H, 9(E ± ) = -E ± , 

defining a symmetric pair (g,9(g)), where 9(g) is the 6-fixed subalgebra of g. Then 9 can be extended to the 
9 involution of y(g) such that 

(3.8) 9(H) = -H, 9(E ± ) = E ± , 6(a) = -a. 

Proposition 3.2. The twisted Yangian y(g, 9(g)) of type I for g = sl(2) and 9(g) = H is the 9 -fixed coideal 
subalgebra ofy(g) generated by the Cartan generator H and the twisted Yangian generators J§jj 

(3.9) E± =E ± ±atE ± ±j(E ± H + HE ± ). 
Here t € C is an arbitrary complex number. 

Proof. The twisted generators (|3.9[) are in the positive eigenspace of the involution 9 and satisfy the coideal 
property 

(3.10) A(^) =E ± ®l±aE ± ®H + l®Ei e y(g) ® y{&, 6(g)) . 

The same properties for H follows from the definition. □ 

Proposition 3.3. The twisted Yangian y(g,9(g)) defined above is a reflection algebra for the singlet bound- 
ary. 

Proof. The representation T u of the generators of y(g, 9(g)) is given by 

(3.11) T U (H) = e 1A - e 2 , 2 , T U (E+) = (u + t) e h2 , T„(£T) = (u - 1) e X}2 ■ 

Let K(u) be any 2x2 matrix. Then the intertwining equation for H restricts K(u) to be of the diagonal 

form, thus up to an overall scalar factor, K(u) = e^i + k e 2 ,2- Next, the intertwining equation for E^ has a 

t + u 

unique solution k = which coincides with (|3.5|) provided c — t and a = b = 0. □ 



3.2. Vector boundary. Consider the reflection equation (|1.58[) on the tensor space V <E) V <8> W with the 
i?-matrix defined by (|3.4[) . Then there exists a solution of the reflection equation, 

/ 1 



(3.12) 



K(u) 






V o 





1 - k 
k 







k 

1 - k 








1 / 



where 



2u 



(u-lf 



and c G C is an arbitrary complex number. 
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This X-matrix satisfies the intertwining equation 

(3.13) (T- u ®T s )[A(b)]K(u) - K(u) (T u ®T s )[A(b)} = for all b e sl(2) . 

Thus we call the level-zero sl(2) generators and H the preserved generators, while the level-one generators 
E ± and H are the broken generators. This setup leads to the following involution and the twisted Yangian. 

Proposition 3.4. Let 9 be a trivial involution of the Lie algebra g = sl(2), 

(3.14) 0{H)=H, 9(E ± )=E ± =► 6(g) =&. 
Then it can be extended to a non-trivial involution 8 of y(sl(2)) such that 

(3.15) 6(H) =-H, 9(E ± ) = -E ± , 6(a) = -a. 

Proposition 3.5. The twisted Yangian y(g,g) of type II for g = st(2) and 9(g) = g is the 9-fixed coideal 
subalgebra ofy(g) generated by all level-zero generators and the level-two twisted Yangian generators 

(3.16) E ± =±-([H,E ± ] + a(±tE ± +HE ± -E ± H)^ and H = [E + , E~] , 
where t £ C is an arbitrary complex number. 

Proof. The twisted generators (13.161) are in the positive eigenspace of the involution 9 and satisfy the coideal 
property 

2 

A(^ ± ) = E* ® 1 + 1 (g> ± a (E* <g> H - H <g> E*) + < ^E ± ® (H 2 ±(t + 2)H) 

2 

- ^-((AE ± E T +H' 2 + (t + 2)H) ® E + + AE T <g> E ± E ± + 2H® E ± H) 

(3.17) ey(g)®y(g,g), 

2 

A(£T) = ® 1 + 1 (g) If + 2a (£T ® E + - E + <g> £T) + ^-H <g> (4E~ E+ - H 2 ) 
a 2 

- —((AE-E + +H 2 )®H + 2t(E + dt>E- - E~ ® E+ ) + A(E + ® E~ H + E~ ® E + H)) 

(3.18) Gy(8)®y(fl,fl). 

The same properties for the level-zero generators follow from the definition. □ 

Proposition 3.6. The twisted Yangian 3^(0,0) defined above with t = —2 is a reflection algebra for a vector 
boundary. 

Proof. The representation (T u ® T s ) of the coproducts of the Lie generators of y(g, g) is given by 
(T u ® T S )[A(E+)} = ei, a + ei, 3 + e 2 , 4 + e 3 , 4 , (T„ ® T s )[A(ff)] = 2 (e M + e 4 , 4 ) , 

(3.19) (T„ ® T S )[A(£T)] = e 2 ,i + e 3 ,i + e 4 , 2 + e 4 , 3 , 
and of the twisted Yangian generators by 

(T u ® T S )[A(£+)] = a ei, 2 + /3 e h3 + 7 e 2 , 4 + J e 3 , 4 , 

(T u <g> r s )[A(£")] = 5 e 2 ,i + 7 e 3 ,i + /? da + a e 4 , 3 , 

(3.20) (T U ®T S )[A(H)} =Aei i i+^e 2 ,2-Me 3 , 3 -Ae 4 , 4 + 7y(e 2 , 3 -e 3i 2), 
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where 



±((As + t + 2) 2 -(t + A) 2 )-u- 
i(2w + l)(2u + t + 3), 
J(2u-l)(2« + t+l), 



(3.21) 



a 

7 

«5 =1 L((4 S + f + 2) 2 -f 2 ) 



A = ^((4u + t + 2) 2 +(4c + i + 2) 2 -2(i + 2) 2 )- i, 
M= ^((4u + t + 2) 2 - (4c + i + 2) 2 ) + l, 
Tj = -(2u + t/2 + l) , 



Let be any 4x4 matrix. Then the intertwining equation for the Lie generators (|3.19p constrains 

K(u) to the form given in (|3.12[) up to an unknown function k and an overall scalar factor. Next, the 
intertwining equation for the twisted Yangian generators ()3.20j) constrains t — — 2 and has a unique solution 
2u 



k = 



-(u-iy 



which coincides with (|3.12p provided c = s . 



□ 



Remark 3.1. Following the same pattern as in the quantum affine case, the twisted Yangian given in propo- 

The corresponding fundamental reflection matrix 



sition 13.21 is also compatible with a vector boundary, 
is 

/ 1 






V o 



(3.22) K(z) = 

where 

(3-23) k = - — 

(c - u)(l + s 

and c, s £ C are arbitrary complex numbers. 

The twisted Yangian given in proposition 
sponding reflection matrix is trivial. 



1 + (u - 1 - c)k 
(c + s)k 






(c — s)k 
- (1 — c — u)k 




\ 




k' J 



2u 



u){u - 



1) 



k' = 



c + u 



u 



is compatible with the singlet boundary and the corre- 



Remark 3.2. Let T/ )U be a (21 + l)-dimensional representation of y(sl(2)). Let Vi be a vector space defined 
in remark l2~4l The generators of y(sl(2)) act on the space Vi by [6] 

T Lu (E ± )v m = ((Z T m)(Z ± m + 1)) 1/2 u m+1 , 
Ti, u (E±)v m = 2lu((lTm)(l±m+ 1)) 1/2 - 



(3.24) 



v. 



m+l : 



Ti, u (H) v Tl 
Ti, u (H) v ri 



2m v m , 
4m Z u 



Let the boundary vector space Wi and the boundary representation T; jS be defined in the same way. Then all 
the constructions of twisted Yangians presented above apply directly for any finite-dimensional representation 
Ti. u and lead to unique solution (for fixed I) of the reflection equation. 



To finalize this section we want to note that the twisted Yangian of type I given in proposition 13.21 is 
isomorphic to the orthogonal twisted Yangian y + (2) of [9j[10] and to B(2, 1) of [12]. The twisted Yangian 
of type II given in proposition 13.51 is isomorphic to the symplectic twisted Yangian y~(2) of [S1[T0] and to 
£(2,0) of [12] (see also [E]). 



3.3. Yangian limit. The algebra U q (o) does not contain any singular elements, and in the q — > 1 limit 
specializes to U(q) via the composite map tp such that 

(3.25) US) ^U(C(g)) ^U(g) . 

Set q = e ah and z = e~ 2hu . Then the q — > 1 limit is obtained by setting H — > 0, where H is an indeterminate 
deformation parameter that can be regarded as the Planck's constant when the Yangian is an auxiliary 
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algebra and a is a formal parameter used to track the 'level' of the Yangian generators and is usually set to 
unity [21 . Consider an extended algebra 

(3.26) uM = U q {Q)® cm C((ti)). 

Here C[[h]] (resp. C((h)) ) denotes the formal power (resp. Laurent) series in H. This algebra contains singular 

elements those that do not have a properly defined q — > 1 limit. Let A C U q (g) be the subalgebra generated 
U q (g) and h~ 1 kei-((p). Then the Yangian 3^(fl) as an algebra is isomorphic to the quotient A/ HA = y(s) [5]. 

In such a way the Yangian 3^(-Sl(2)) can be obtained by taking the rational q — »■ 1 limit of certain singular 
combinations of the generators of U q (sl(2)). Here we shall be very concise and rely a lot on the evaluation 
map (for some heuristic arguments see appendix [XI for more thorough considerations see e.g. |45H47j ). The 
Yangian generators of y(sl(2)) are obtained by the following prescription, 

(3.27) = ±a lim ^ ~ *\ . 

q^i q — g 1 

The Lie algebra generators are recovered by 

(3.28) E ± = lim & = lim £f and H = lim hi = - lim h . 

We will next show that the quantum affine reflection algebras considered in sections 12.11 and 12.21 in 
the rational q — > 1 limit specializes to the Yangian reflection algebras considered in sections 13.11 and 13.21 
respectively. 

Proposition 3.7. The coideal subalgebra B C U q (sl(2)) defined by the Provosition \2.2\ in the rational q — > 1 
limit specializes to the twisted Yangian y(g, f)) of type I defined by the Provosition \3.2[ 

Proof. Recall that B is generated by the twisted affine generators (|2.9|) 

(3.29) B+ = - c/q^ko , B„ = ^k - cq^+k . 

and the Cartan element fcofcf 1 . Note that ^Q + fco = q~ 2 £,o ■ We will be using the following expansion, 

(3.30) h ->• 1 + (g- l)hi + 0(a 2 ) , 

where 0{a 2 ) represent the higher order in a terms (here a ~ K). Then by substituting c — > g~ 2t and with 
the help of (|3~27l) and (pT28)) we find 



lim — - — = lim 

g->i g — g ?-n 



+ tt - " 1 (2f$f - Ci" - 5~M + ©(a 2 ) 



5- g q 

a 
1 



(3.31) = -E- +atE~ + -{E-H + H E~) = -E~ 



and 



lim 2— r = lim 

g->i g — g 1 



g — g 1 g — g 1 



(3.32) = E+ +atE+ + - (E+H + H E+) = E+ . 
Finally, 

(3.33) ^ 1-fcofcf 1 =H 

g->i g-g -1 

These coincide with (I3.9[) as required. □ 

Proposition 3.8. The quantum affine coideal subalgebra B C U q (sl(2)) defined by the Proposition \2.4\ in the 
rational q — > 1 limit specializes to the twisted Yangian y(Q,g) of type II defined by the Provosition \3.5[ 
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Proof. Recall that B is generated by all level-zero generators plus twisted affine generators (|2.16|) and (|2.18jl , 

(3.34) B = Coko - d-((ad r &&)^o + )ko , B+ = $+k Q - rf+((ad r ^^)^)k , 
where q 2 d + = q~ 2 d- = (q + q^ 1 )^ 1 . Next let us note that 

(3.35) [H, E±] = ±a lim ^ ~ f ' g] ' £ ~ ^ 1±] . 

?->-l 2(q — q L ) z 

This leads to the following expansion 

(3.36) ^ ^E ± ± 2(q - 1)12* ±(q- l) 2 ([2r t ,.E ± ] - E±) + 0(a 3 ) . 
We will also need a higher order expansion of ki, namely, 

(3.37) k t -> 1 + (</ - + i( 9 - l) 2 (h 2 _ ^ + 0{a 3 ) . 
Consider the following rational combination, 

g - 2 i? --2^ + (i + g 2 )(g + - 2^-) + g((i + g^r^r - <jH&)% - Mer) 2 )fc 

1 ' ' (q-q- 1 ) 2 (q-q-^il + q 2 ) 

Then, by substituting ([33d| and ([337| and with the help of (|3~27|) and (pHSl) . we find 

(3.39) lim q ~\ql~iy? = I (t^» + a - - + = ^ + ~ T^ 1 + • 

Here we have used the constraint t = — 2 for _E + implicitly In a similar way, for the twisted affine generator 
Bq , the rational combination 

g 2 £ + - 2jr _ g(i + g 2 )(€c7feo - + ((i + g 2 )SW - g 2 £ + (^) 2 - fc + ) 2 £ +)fcr 2 

leads to 

(3.41) lim q2 { f_~-ly = -\{[H,E-] + a (E~H E~ H)) ^E~{1 H) 2 = ¥ ^£T(1 - H) 2 . 
Finally, the Lie generators are recovered in the usual way as described above. □ 

4. Reflection algebras for 

Algebra. The quantum affine Lie superalgebra li q (Ql(l\l)) in the Drinfeld-Jimbo realization is generated 
by the fermionic Chevalley generators ^ , the Cartan generators k\, ki (here &2 = q h2 , and /12 is the non- 
supertraceless generator completing the superalgebra to g[(l|l) ), and the affine fermionic Chevalley 

generators £^ and the corresponding affine Cartan generator ko . The extended (symmetric) Cartan matrix 
is given by 

/ -2 

(4.1) (2«)o<i,i<2 =002 

\ -2 2 

The corresponding root space has a basis of two fermionic roots, 7r = {ao,ai}. The commutation relations 
are as follows, for < i,j < 2 (Chevalley generators corresponding to the Cartan generator &2 are absent): 

(4.2) [fci,M=0, {h,^} = q^Hf, = — 

J q — q 

Here {a, &} = ab + ba denotes the anti-commutator. The graded right adjoint action is defined by 

(4.3) (ad r £+) a = (-l^Mk^ag - k^+a, (ad r £r) a = (-l)™<r - ^k.akr 1 . 
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where (— l)^!! ! is the grading factor. Notice that the block (a^ )o<i.j<i is trivial, and thus the right adjoint 
action for this block is equivalent to the regular graded commutator. This shall have important consequences 
for constructing the reflection algebra for a vector boundary. For this reason we shall also be in the need of 
a level-one Drinfeld generator h\ , which has coproduct defined by (see [24] ) 



(4.4) 



A(h+) = h+(g>l + l(gih+ + 2 £+fci ® £+. 



Representation. We define the fundamental evaluation representation T z of W g (jj[(l|l)) on a graded two- 
dimensional vector space V. Let V = {^1,^2} and V" = {v^jV^}, then viv[ — v^Vi, V2v' 2 — — v 2 v 2 , and 
V2V2 = v' 2 v 2 = 0. Let ej.k be 2 x 2 matrices satisfying (ej t k)j',k' = $j,j'0~k,k' ■ Then the representation T z is 
defined by 



mi) 
mi) 

(4.5) T z (h) 



ei,2 , 
e2,i , 



-z e 1>2 , 
-1, 



T z (h 2 ) 
TM) 
T z (k 2 ) 



ei,i - e 2: 2 
zq 



-1 



(ei,i - e 2 , 2 ) 



Tzito ) = ze 2,i , 

qe 2 ,2, T 2 (*;o) =g 'eLi+?^e 2; 2, ^ z (£ 2 j = ge M + q~^e 2 , 2 

We choose the boundary vector space W to be equivalent to V. Then the boundary representation T s on W 
is obtained from (|4.5p by replacing z with s. 

The fundamental i?-matrix satisfying Yang-Baxter equation (11.4[) is given by 

/ 1 \ 

r 1 — qr 

1 - r/q r 

\ -l + (q+l/q)r J 



(4.6) 



R(z) 



where 



z-1 
qz- l/q 



4.1. Singlet boundary. Consider the reflection equation (|1.5p on the space V <8> V <8> C with the i?-matrix 
defined by (|4.6p . Then the general solution of the reflection equation is [3S] 

(4.7) *(,)=(; °), where * = ^, 

and c € C is an arbitrary complex number. 

The general solution (I4.7[) . in contrast to (|2.5p , is already of a diagonal form and thus intertwines all (level- 
zero) Cartan generators ki, but does not satisfy the intertwining equation neither for any of the Chevalley 
generators nor for the level-one Cartan generators hf. Hence we call Cartan generators ki the preserved 
generators, while the generators £^ and are the broken generators. This setup is consistent with the 
following involution and the quantum affine coideal subalgebra. 

Proposition 4.1. Let the involution act on the root space $ as 

(4.8) 0(ao) = -ai . 

Then it defines a quantum affine coideal subalgebra B C A = U q (Ql(l\l)) generated by the Cartan elements 
fc 2 , fcofcj -1 , and the twisted affine generators 

(4.9) B+ = &+ko - d+ Crfco , B Q = e " fc - d- Ci+fco , 
where = £*" and d± € C are arbitrary complex numbers. 

Proof. The coideal property is trivial for the Cartan elements, and for (|4.9p follows directly from (|2.10p . □ 



Proposition 4.2. The quantum affine coideal subalgebra defined above with d+ = — d_ = qc where c € C is 
an arbitrary complex number, is a reflection algebra for the singlet boundary. 
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Proof. The representation T z of the generators of B is given by 

(4.10) T z (koK 1 ) = q- 2 (e lil + e 2 ,2), T Z (B+) = (z - q- 1 d+) e 2 ,i , T Z (B^) = q-' 2 {q z' 1 - d-)e 1<2 . 

and T z (k 2 ) was given in (|4.5p . Let K(z) be any 2x2 matrix. Then the intertwining equation for k^k^ 1 and 
k 2 restricts K(z) to be of a diagonal form. This gives K(z) — ei : i + ke 2 , 2 up to an overall scalar factor. 
Next, the intertwining equation for B gives 

(4.11) d + (k - l)z - q(z 2 k - 1) = 0, d-(k — l)z + q(z 2 k - 1) = , 

c z — 1 

having a unique solution d + = — d- = qc and k = — r, where c £ C is any complex number. This 

z(c — z) 

coincides with (|4.7[) . □ 



4.2. Vector boundary. Consider the reflection equation (|1.5p on the tensor space V <g> V <g> W with the 
i?-matrix defined by (|4.6|) . Then there exists a solution of the reflection equation 



(4.12) K(z) = 



/ 1 \ 

l-k/q k 

k 1-qk 

V 1 - (q + q-^k J 



where k = ~ ? 

q z — c z + 



and c € C is an arbitrary complex number. 

This if -matrix satisfies the intertwining equation (|1.7[) for all generators of the Lie superalgebra g[(l|l). 
Thus we call Cartan generators ki and Chevalley generators ^ the preserved generators, while the affine 
Chevalley generators £^ and the level-one Cartan generators are the broken generators. Next, we identify 
the corresponding quantum affine coideal subalgebra consistent with the reflection matrix (|4.12[) . 

Proposition 4.3. Let the involution O act on the root space $ as 

(4.13) B(«o) = — a o — 2ai , O(ai) = a\ . 

Then it defines a quantum affine coideal subalgebra B C A. = Li q {Ql{X\l)) generated by the Cartan generators 
ki, the Chevalley generators ^ , and the twisted affine generator 

(4.14) B - =e " -d-[f4,&+], 
where = k^ and (!_ £ C x is an arbitrary complex number. 
Proof. The twisted affine generator (|4.14[) satisfies the coideal property, 

(4.15) A(Bjf) = Co" ® *o 1 - ® K 1 + 1 ® s - + 2d_{^, ® Ci + e .4 ® B . 

The property follows by definition for ki and £j . □ 

Remark 4.1. This algebra is not of the canonical form (compare (|1.47l) . (|2 . 16[) and (|4.14[) ). This is due to the 
all-zero entries in the block < i,j < 1 of the extended Cartan matrix (|4.1j) . and thus the ad r -action is 
equivalent to the usual graded commutator. In such a way the level-one Drinfeld generator h^ is employed 
to ensure the coideal property. 

Proposition 4.4. The quantum affine coideal subalgebra defined above with d_ = {q^ 1 —q)/2 is a reflection 
algebra for a vector boundary. 
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Proof. The representation (T z ® T s ) of the coproducts of the Lie generators of B is given by 

(T z ® T S )[A(£+)] = q ei, a + e x , 3 + e 2 . 4 - q e 3 , 4 , (T s ® T s )[A(fc )] = ? _2 (ei,i + e 2:2 + e 3 , 3 + e 4 , 4 ) , 

(T z T a )[A(f - )] = e 2 ,i + q _1 e 3 ,i + g -1 ^ - e 4 , 3 , (T z ® T s )[A{h)} = q 2 (e u + e 2 . 2 + e 3:3 + e 4 , 4 ) , 

(4.16) (T z <g> T s )[A(fc 2 )] = q 2 e hl + e 2 . 2 + e 3 , 3 + q~ 2 e± A . 
and of the twisted affine generator by 

(4.17) (T z <g>T s )[A{B-)} = ae h2 + f3 £l . 3 + ae 2 . A - ae 3A , 
where 

(4.18) a = -q- l {qs~ l + 2d-{{q- 2 - l)s - z)) , /3 = -(gz" 1 - 2<i_( 9 2 - l)"^) . 



Let K(z) be any 4x4 matrix. Then the intertwining equation for the Lie generators f|4. 1 6[) constrains K (z) 
to the form given in (|4.12j) up to an unknown function k and an overall scalar factor. Next, the intertwining 
equation for the twisted affine generator (|4.17[) has a unique solution 

(4.19) < L = (g-^- ff )/2, k = fe-^- 1 ) 



(s + s 1 )z + q 2 z 2 



which coincides with k given in (|4.12l) provided 



□ 



Remark 4.2. The coideal subalgebra given in proposition 14.21 does not lead to a unique reflection matrix for 
a vector boundary. The boundary intertwining equation in this case defines the reflection matrix up to an 
overall scalar factor and one unknown function, 

/ 1 

l + {q 2 z-c)k' q(c-s)k' 

qic-s'^k' l + k 





(4.20) 



K{z) 



\ 



1 + k + {q 2 z~ 1 - c)k' j 



where 
(4.21) 



q 2 (s + z(c — s)(c 



l)k' 



sz 2 ) 



s z {q 2 z — c) 

and c, s € C are arbitrary complex numbers. Here k' — k'(z) is the unknown function that needs to be 
obtained by solving the reflection equation (having several solutions one of which is k! = 0). In such a way 
this coideal subalgebra is not a reflection algebra for a vector boundary. It does not lead to a reflection 
matrix automatically satisfying the reflection equation. 

The coideal subalgebra given in proposition ^. 4l is compatible with the singlet boundary; the corresponding 
reflection matrix is trivial. 



Finally we note that the coideal subalgebra given in proposition 14.21 can be understood as the augmented 
q-Onsager algebra C^(gl(l|l)). 



5. Reflection algebras for ^(g[(l|l)) 

Algebra. The Yangian 3^(g[(l|l)) is generated by the level-zero Chevalley generators E^, Cartan generators 
H and the non-supertraceless generator H 2 , and the level-one Yangian generators and the corresponding 
level-one Cartan generators H and H 2 ■ The commutation relations of the algebra are 

{E+,E-} = H, {E ± ,E^}^H, [H,E ± ] = [H,E ± ] = [H,H]=0, 

(5.1) [H 2 ,E ± ] = ±2E ± , [H^E*] = [H 2 , E±] = ±2E ± . 
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The Hopf algebra structure is equipped with the following coproduct, 
A(H) =H®l + l®H, A(H) = H <g> 1 + 1 <g> H , 

A{H 2 ) = H 2 ® 1 + 1®H 2 , A(H 2 ) = H 2 ® 1 + 1 ® H 2 



a(E^ 



(5.2) 



A(E±) = E ± ® 1 + 1 ®E i 



A(E d 



E d 



1 + 1 



H 



E~ 



^E+ 



Representation. The evaluation representation on the graded two-dimensional vector space V is defined 

by 

T n (£ + )=ei j2 , T U (E~) = e 2 ,i , T U (H) = e^i + e 2 ,2 , T U (H 2 ) = e M - e 2 , 2 , 

(5.3) T U (E + ) = uei, 2 , T U (£T) = u e 2: i , T U (H) = u (ei,i + e 2 ,2) , T U (H 2 ) = u (ei,i - e 2j2 ) , 
and T„(a) = 1. As previously, we choose the boundary vector space W to be equivalent to V. The boundary 



representation T s on W is obtained from (|5 .3[) by replacing z with s. 
The fundamental i?-matrix satisfying Yang-Baxter equation (jl.57[) is 

/ 1 

r l-r 

1- 7" r 

\ -l + 2r / 



(5.4) 



where 



5.1. Singlet boundary. Consider the reflection equation (|1.58j) on the tensor space V <8> V <S> C with the 
R- matrix defined by (|5.4|) . Then the general solution of the reflection equation is [41] 



(5.5) K(u) = ( } ? ) , where A; = ° ~*~ U , 

\ v k J c — u 

and c € C is an arbitrary complex number. 

This /^-matrix intertwines the Cartan generators H and H 2 , but does not satisfy the intertwining equation 
for any other generators of g[(l|l) (and }>Qjl(l|l)) ). Hence we call Cartan generators H and H 2 the preserved 
generators, while the rest are the broken generators. This setup allows to define the following twisted Yangian. 

Proposition 5.1. Let the involution 9 act on the Lie algebra g = gt(l|l) as 

(5.6) 9(H) = H, 8(H 2 ) = H 2 , 9(E ± ) = -E ± , 

defining a symmetric pair (g,9(g)). Then involution 9 can be extended to the involution 9 ofy(g) such that 

(5.7) 6(H) = -H, 9(H 2 ) = -H 2 , 90^) = ^, 9(a) = -a. 

Proposition 5.2. The twisted Yangian y(g,9(g)) of type I for g — g[(l|l) and 9(g) = {H,H 2 } is 9-fixed 
coideal subalgebra ofy(g) generated by the Cartan generators H and H 2 , and the twisted Yangian generators 

(5.8) = ± at E ± =f ^HE ± , 
where t G C is an arbitrary complex number. 

Proof. The twisted generators (|5.8[) are in the positive eigenspace of the involution 9 (|5.7p and satisfy the 
coideal property 

(5.9) A(£±) =E ± <g)l + l<E)E ± TaE ± <E>He y{g) <E> y(g, 8(g)) . 

The same properties are obvious for H and H 2 . □ 

Proposition 5.3. The twisted Yangian y(g,9(g)) defined above is a reflection algebra for the singlet bound- 
ary. 
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Proof. The representation T u of the twisted generators of y(g, 9(g)) is given by 
(5.10) T u (E+) = {u + t-l/2)e h2 , T U (E~) = (u - t + 1/2) e 1>2 , 

For H and H 2 it was given in (|5.3[) . Let K(u) be any 2x2 matrix. Then the intertwining equation for 
H and H2 restricts K(u) to be of a diagonal form. This gives K(u) = e± t i + ke2,2 up to an overall scalar 

factor. Next, the intertwining equation for E ± has a unique solution k = which coincides with 



3J) provided t = c + 1/2 and a = b = 0. □ 



5.2. Vector boundary. Consider the reflection equation (11.51) on the tensor space V <8 V <8> W with the 
i?-matrix defined by (|3.4j) . Then there exists a solution of the reflection equation, 



(5.11) K(u) = 



1 














1 - k 


k 








k 


1 - k 





V 








1 - 2k 



2u 

where 



(U + 1) S 



and c € C is an arbitrary complex number. 

This if-matrix satisfies the intertwining equation for all generators of g[(l|l). We call the level-zero 
generators E^ , H and H2 the preserved generators, while the level-one generators E^, H and H2 are the 
broken generators. This setup leads to the following twisted Yangian. 

Proposition 5.4. Let 9 be a trivial involution of the Lie algebra g — 

(5.12) e(H)=H, 9(H 2 ) = H 2 , 6^) = E ± => %)=fl. 
Then it can be extended to a non-trivial involution 9 of y(gl(l\l)) such that 

(5.13) 9{H) = -H, 6(H 2 ) = -H 2 , 9^) = -^, 9(a) = -a. 

Proposition 5.5. The twisted Yangian 3^(0,0) of type II for g = g[(l|l) and 9(g) = g is 9-fixed coideal 
subalgebra ofy(g) generated by the level-zero generators and the level-two twisted Yangian generators 

(5.14) f ± = ±- (\H 2 , E*] +a(±tE ± + E ± H-E ± H)j and H = {E ± ,E T }, 
where t G C is any complex number. 

Proof. The twisted generators (|5.14j) are in the positive eigenspace of the involution 9 (|5.13[) and satisfy the 
coideal property 

A(E ± ) = E± ® 1 + 1 ® S ± T a (E* ® H - H ® E ± ) 

2 

+ ( ^-(E ± ®(H 2 -tH)- H 2 ®E ± -2H ®(E ± H -2tE^ 

(5.15) ey(g)® y(g,g), 



2 

A(£T) ^H®l + l®H^^(H 2 ®H + H®H 2 ) 

(5.16) 6y(fl)®y(B,fl), 

and for the level-zero generators this property follow identically. □ 

Proposition 5.6. The twisted Yangian y(g, g) defined above with t — is a reflection algebra for a vector 
boundary. 
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Proof. The representation (T u <g) T s ) of the coproducts of the Lie generators of y(g, g) is given by 



(T u ® T S )[A(£+)] = ei, 2 + ei, 3 + e 2 , 4 - e 3 , 4 , 
(5.17) (T u ® T S )[A(£T)] - e 2 ,i + e 3 ,i + e 4j2 - e 4 , 3 , 

and of the twisted Yangian generators by 

(T z ® T,)[A(f +)] = a ei, a + /8 ei, a + P e 2 , 4 - a e 3 , 4 , 

(T z ® T,)[A(£T)] - 7 e 2 ,i + <$ e 3 ,i + 7 e 4 , 2 - 7 e 4 , 3 , 



(T U ®T S )[A(H)] = 2£f =1 e Mj 



(5.18) 
where 

(5.19) 



a = 2s(2s + i) + 4u + t-3, 
7 = 2s(2s + t) -4«-i-3, 



P = {2u - \){2u + t- 1), 
5= (2u+l)(2u + t + l). 



(T tt ®r,)[A(fl- 2 )] = 2 (ei,i - e M ) ; 



(r,®T.)[A(ff)]=» ? Et 1 e i , i) 



»?= ^((4s + t) 2 +(4H + i) 2 -2* 2 - 



Let -ftf('u) be any 4x4 matrix. The intertwining equation for the Lie generators (|5.17[) constrains K(u) to the 
form given in (|5.11[) up to an unknown function k and an overall scalar factor. Next, the intertwining equation 

for the twisted Yangian generators (|5.18l) constrains t = and has a unique solution k = — which 



coincides with (|5.11[) provided c — s . 



(u + If 



□ 



Remark 5.1. The twisted Yangian given in proposition 15.21 does not lead to a unique reflection matrix for 
a vector boundary. The boundary intertwining equation in this case defines the reflection matrix up to an 
overall scalar factor and one unknown function, 

\ 

(l-c + u)k' (c-a)fe' 

(c+s)k' 1 + fc 

l + fc + (l- 



(5.20) 



K(z) = 



( 1 



V o 



1 



u)k' J 



where 
(5.21) 



k = 



(c 2 - s 2 )k' - 2u 



c = t-l/2. 



1 — c + u 

and (,s£C are arbitrary complex numbers. Here k' = k'(u) is an unknown function that needs further to 
be obtained by solving the reflection equation (giving i.e. k' = or k' = (2u)/(s 2 + c(l + u) 2 — u(l + u) 2 )). 
In such a way this twisted Yangian is not a reflection algebra for a vector boundary. It does not lead to a 
reflection matrix automatically satisfying the reflection equation. This is in agreement with the remark [4.21 
The twisted Yangian given in proposition 15.51 is compatible with the singlet boundary; the corresponding 
reflection matrix is trivial. 



5.3. Yangian limit. Lie algebras st(2) and jj[(1|1) are very similar, thus the Yangian limit of coideal subal- 
gebras of U q (gl(l\l)) is obtained in a very similar way as it was done in section IBTBI The Yangian 3^(gl(l 1 1)) 
can be obtained by taking the rational q — > 1 limit of singular combinations of the generators of £Y 9 (g[(l|l)), 

(5.22) E ± = a lim 5° 5l_ ) 

q — q 

The Lie algebra generators are given by 

(5.23) E ± = lim^f = T-lim£f and H = lim hi = -lim h ■ 



Next will show that the quantum affine reflection algebra considered in section 14.11 in the rational q — > 1 
limit specializes to the Yangian reflection algebra considered in section ISTTl We will not attempt to show the 
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specialization of the reflection algebra presented in section |4~2| as this requires considerations of the Drinfcld 
second realization of U q (Ql(l\l)) and goes beyond the scope of the present work. 



Proposition 5.7. The quantum affine coideal subalgebra B C defined by the Proposition ^. 2\ in 

the rational q — > 1 limit specializes to the twisted Yangian y(g, f)) of type I defined by the Proposition \5.2\ 



^2(t 1/2) anc j us j n g the 



Proof. Recall that B is generated by the twisted affine generators (|4.9p 

(5.24) B+ = Z'+ko - cq^k , = ^k + cq£'+k . 

and Cartan element k^k^ 1 . Firstly note that £ + fco = Co ■ Then by substituting c 
expansion ()3.30|1 we find 



ton aB ° 



g->i q - q 1 



(5.25) 
and 

(5.26) 

Finally, H 2 



ton aB ° 



q^i q - q 



lim (k\ 



lim 

<?-H 



lim 



a 



e + - er 

q - q- 1 
atE~ + 

3-9 



a T (2 1 er + srM + °(« 2 



-HE~ = E~ 



^ptg + ^ho + tf(h - hi)) + 0{a 2 ) 



= E^ 



l)/(9 



at£ + FiT 

2 



and the Cartan generator H is obtained in an equivalent way as in 



()3.33p . These coincide with (|5.8|) as required. 



□ 



Appendix A. The Yangian limit of U q (sl(2)) 

Here we give a heuristic derivation of the Yangian limit of U q {sl{2)). We will recover the level-one gener- 
ators of y(sl(2)) by calculating the rational g — > 1 limit of certain singular combinations of the generators 
of U q (sl(2)) that otherwise do not have a propierly defined q — >■ 1 limit. 

Set q = sl(2). Recall that sl(2) = C{q). Let the Chevalley basis of U(q[u}) be given by 

E + = l®e, E~ = l®f, H=l®h, 

(A.l) E + = u®f, E~ = —u®e, H = u®h. 

Choose e q , f q and k q = q h be the basis of U q (o). Then the basis oiU q (C{g)) is given by 



(A.2) 



1 <S> e q , 



ii =i®/ g , 

Co 7 = z" 1 ® e. 



= 1 <g> /i . 
/i = -/ii , 



Set g = c" n and z = c 2rm . Then the <7 — > 1 limit is obtained by setting h 
of the Cartan generators ki at the point h = is given by 

(A.3) fci-H + fo-lJfci + Ota 2 ), 

where 0(a 2 ) denotes higher order in a terms (a ~ H). Note that the (full) q — »• 1 limit gives 
(A.4) 

Choose 
(A.5) 



fa - a hl , 
fco = g' 10 • 

0. The expansion in scries 



lim £i = lim £ , E = lim £ x 

q— ^1 q— yl q— 



lim £+ 



i (£o ' ^ Q — „ _ ! (£a £i 
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Then 



(A.6) 
and 



(A.7) 



lim & 

q-+l 



lim a 



z- 1 - 1 



u ® e = E2 



g - tp 1 
1 — z 

lim a ® f q = -u® f = E a , 

g-s-i 9 - q 1 



lim A(f+) = lim - — (e ® fc 1 + 1 ® £ " £i + ® 1 - to ® 

g-i 



g->i g — g 
l im L g o"~^ g 

g-n [ g — g 

E+(g>l + l®E+ 



1 + 1(g) a 



q-q- 1 



q-q- 



; (E+ (g> H — H (gi E + ) = A(E+) 



lim A(£") = lim 



lim 



^(-Co" ® 1 - fc o 8) ^ + Ci ® 1 + 1 ® ) 



1 + 1 <g> a ^ h- - a J—L(£~ ^fn + ho® Co") + ^(a 2 ) 



5 - T 



(A.8) 

which coincide with 



E- + E- - -{E~ ® H - H ® E + ) = A{E~) . 
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